Abstract. We consider the degrees of controllability of multi-partite quantum systems, as well as necessary and sufficient criteria for each case. The results are applied to the problem of simultaneous control of an ensemble of quantum dots with a single laser pulse. Finally, we apply optimal control techniques to demonstrate selective excitation of individual dots for a simultaneously controllable ensemble of quantum dots.
Introduction
Control of quantum processes is essential to realize the vast potential of quantum technology ranging from applications in quantum information processing [1] to atomic and molecular physics and chemistry [2] . While robust and efficient control of quantum phenomena remains a challenge, especially in practice, recent advances in theory and technology have made control of systems at the quantum level increasingly feasible [3] . To achieve the best possible control outcomes, it is crucial to understand the degree to which a quantum system is controllable [4] and the fundamental limits [5, 6] that exist, as well as to find optimal ways [7, 8] to implement control given certain constraints.
To this end we will briefly review various degrees of controllability such as purestate and mixed-state controllability, as well as necessary and sufficient criteria for each. We will then consider the important class of multi-partite or composite quantum systems. For such systems the common notions of controllability still apply but are not quite sufficient. For instance, for a system consisting of L elements such as quantum bits, we can ask (a) whether each of the components is controllable, and (b) whether the composite system, i.e., the tensor product of the components, is controllable in a certain sense. However, there is an additional possibility, namely that the components of the system do not interact with each other, yet cannot be controlled separately. In this case a key question is when we can simultaneously control the components.
This scenario is quite common in practice. In chemistry, for example, one often deals with systems that consist of a mixture of several components such as different molecules with negligible intermolecular interactions, which can only be controlled collectively, e.g., by applying laser pulses to the mixture. Similar problems arise in other areas of quantum technology such as control of ensembles of quantum dots [9] or defect centres in diamonds, etc.-systems under consideration for applications in quantum information processing, especially as quantum memories. A major problem with all of these systems, and many others, is the difficulty or impossibility of addressing each component separately, e.g., by focussing a laser pulse selectively on a single molecule, quantum dot or defect centre. The degree of controllability, and especially simultaneous controllability, is thus very important.
If a decomposable multi-partite system is simultaneously controllable, in principle, the next question we must answer is how to achieve simultaneous control. For instance, given an ensemble of quantum dots with negligible interdot coupling, which can only be collectively addressed, how can we selectively excite a particular dot in the ensemble without disturbing the others? Can the results be improved using optimally shaped pulses rather than simple Gaussian pulse sequences? These are the questions we shall address in the following.
Degrees of Controllability for Quantum Systems
Let us first review the degrees of controllability [4] of a quantum system with Hilbert space dimension N < ∞, whose evolution is governed by the quantum Liouville equation
where [A, B] = AB − BA is the matrix commutator,ρ(t) is the density operator representing the state, andĤ[f (t)] is the total Hamiltonian, depending on various control fields f = (f 1 , . . . , f M ), e.g.,
The system is completely controllable if we can generate any unitary operator by applying a suitable control field f (t). The system is mixed-state controllable if, given any (pure or mixed) initial stateρ 0 , we can drive the system to any kinematically equivalent stateρ 1 =Ûρ 0Û T , whereÛ is a unitary operator, by applying a suitable control field f (t). The system is pure-state controllable if, given any pure initial statê ρ 0 = |Ψ Ψ|, we can drive the system to any other pure state by applying a suitable control field f (t).
It can be shown that we can formulate necessary and sufficient conditions for these degrees of controllability in terms of the dynamical Lie algebra L generated by the skew-Hermitian matrices iH m , m = 0, . . . M [4] . Generally, the most useful notion of controllability is mixed-state controllability, which also implies pure-state controllability and observable controllability [4] . Hence, we shall in the following refer to mixed-state controllable systems simply as controllable.
Notions of Controllability of Multi-partite Systems
The degrees of controllability defined above obviously apply to any quantum system governed by essentially Hamiltonian dynamics ‡, including composite or multi-partite systems. However, in the latter case it is useful to introduce additional notions of controllability.
For instance, consider a system of L particles or quantum units such as different molecules or quantum dots. If the Hilbert space of particle ℓ is H ℓ then the Hilbert space of the composite system is usually the tensor product space
Hence, by Theorem 1 the composite system is controllable if and only if the dynamical Lie algebra generated by the system and control HamiltoniansĤ 0 andĤ m , m = 1, . . . , M , is u(N ) or su(N ). However, the tensor product space may be huge and not always the the most appropriate Hilbert space for the system.
If the particles do not interact with each other, for example, then we can reduce the Hilbert space of the composite system to the direct sum of the Hilbert spaces H ℓ of the non-interacting parts rather than the tensor product. This situation arises in practice in quantum chemistry, in particular laser control of chemical reactions, where we may want to control several different types of molecules in a dilute solution, all of which interact simultaneously with an external control field such as a laser pulse, but for which intermolecular interactions are negligible [11] . The same problems are encountered for ensemble of quantum dots (or defect centres, etc.) close enough together to prevent selective addressing of a single dot with a laser, but with interdot spacings sufficiently large so that inter-dot coupling is negligible. We shall refer to this case of a quantum system that consists of multiple non-interacting quantum units as decomposable or separable. Clearly, such a system is not controllable or even pure-state controllable in the stong sense defined in Sec. 2.
Appropriate notions of controllability in this case are the individual controllability of the components (separate quantum units) and their simultaneous controllability. The latter is a stronger notion than the former as individual controllability of each unit does not imply that we can simultaneously control all units. For example, even if we could completely control each dot in a cluster of quantum dots individually, this does not necessarily mean that we can simultaneously control all of the dots in the cluster with a single control pulse. This naturally prompts the question as to when the components of a separable quantum system are simultaneously controllable.
Criteria for Simultaneous Controllability
The Hilbert space of a quantum system that consists of L non-interacting subsystems can be represented as the direct sum H = H 1 ⊕ . . . ⊕ H L of the Hilbert spaces H ℓ of the independent subsystems, ℓ = 1, . . . , L. Thus, with respect to a suitable basis, the stateρ(t) and the HamiltoniansĤ m , 0 ≤ m ≤ M , have a block-diagonal structurê
whereρ ℓ (t) andĤ mℓ are N ℓ × N ℓ matrices and N ℓ = dim H ℓ . It is obvious from this structure of the dynamical generators that the dynamical Lie group of the system must be contained in
The maximal orbits for a generic mixed state [12] under the action of this Lie group are thus homeomorphic to
, where there are N terms in the denominator. The latter is equivalent to 
where r is the rank of matrix A of Eq. (A.5).
Note that this result is consistent with the sufficient criteria in [13] but our derivation suggests that this Lie algebra dimension condition is both necessary and sufficient, at least for generic mixed-state controllability, which is generally the most useful notion of controllability. In some cases the more restrictive notion of simultaneous pure-state controllability may be sufficient, for instance, if we know that each subsystem is initially in a pure quantum state and will thus always remain in a pure state provided that the implicit assumption of unitary evolution is valid. Applying similar considerations to the orbits of pure states suggests that simultaneous pure-state controllability requires the Lie algebraL to be a direct sum of L terms, where the ℓth terms is either su(N ℓ ), or if N ℓ is even, sp(N ℓ /2).
Application to Ensembles of Quantum Dots
Consider again the example of an ensemble of L quantum dots, each of which is itself an N ℓ -dimensional quantum system. According to Theorem 1 a dot is individually controllable if its associated dynamical Lie algebra L ℓ has (at least) dimension N 2 ℓ − 1, and the entire ensemble is controllable as an N = N 1 . . . N L dimensional composite system if the Lie algebra L of the entire system has (at least) dimension N 2 − 1. If interdot coupling is negligible then the system is decomposable, and hence not controllable as a composite system, but its components are simultaneously controllable if the Lie algebra of the system satisfies Theorem 2.
Specifically, if each dot can be represented as a two-level system with Hamiltonian
whereσ x andσ z are the Pauli matrices, then the criteria simplify, and we see that the ℓth dot is controllable individually exactly if ǫ ℓ = 0 and d ℓ = 0, as [σ x ,σ z ] = −2σ y . However, this is insufficient for simultaneous controllability. If two or more dots in the ensemble have exactly the same system parameters, for instance, then the Lie subalgebra they generate is a higher-dimensional representation of su (2) and the dots are not simultaneously controllable. In this simple case one can show (see Appendix B) that the ensemble of dots is simultaneously controllable exactly if (ǫ ℓ , d ℓ ) = (±ǫ ℓ ′ , ±d ℓ ′ ) unless ℓ = ℓ ′ . Simultaneous controllability of an ensemble of non-interacting quantum dots implies in particular that it possible to selectively excite a particular dot with a single laser pulse without the need for selective addressing. For illustration, consider an ensemble of five two-level quantum dots with ground state energies E 
and Hamiltonian that describes the coupling to the external driving field iŝ
where d (ℓ) is the dipole coupling of the ℓth dot to the field. Even if we assume, for simplicity, that all the dipole couplings are equal d ℓ = 1 for ℓ = 1, . . . , 5, the dots are still simultaneously controllable, and in particular we can selectively excite a single dot without spatial addressing. The obvious way to achieve this in this simple case is by exploiting the slight differences in the energy levels and use what is sometimes referred to as frequency selective addressing. However, as Fig. 1(a) shows, simply applying a Gaussian π-pulse resonant with the dot to be excited may nevertheless lead to significant unwanted excitation of energetically adjacent dots, especially for short pulses. We can considerably improve the results by using shaped pulses as Fig. 1(b) shows.
Conclusion
We have considered various notions of controllability for quantum systems and their application to multi-partite systems. In particular, we have investigated the degree of simultaneous controllability of the components of a decomposable system by means of global control, and given necessary and sufficient criteria for the simultaneous (mixedstate) controllability of the components. The results have been applied to the problem of selective excitation of ensembles of quantum dots with a laser pulse that is applied to the entire ensemble. We have also shown, for a simple model, that shaped pulses derived using optimal control theory may offer substantial improvements in selectivity compared to Gaussian pulses.
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SGS would like to thank Andrey Bychkov for helpful discussions and suggestions and acknowledges financial support from Fujitsu, the Cambridge-MIT Institute Quantum Technology Project, and the EPSRC. Figure 1 . Selective excitation of dot 1: control field and evolution of the populations and the observable for (a) a frequency-selective Gaussian control pulse, and (b) a shaped pulse computed using an optimal control algorithm [8] . The observable to be optimized in the latter case wasÂ = diag(P ,Q,Q,Q,Q), whereP = |1 1| is the projection onto the upper level andQ = −P . The expectation value of the observable therefore corresponds to the population of the excited state of the target dot minus the sum of the populations of the excited states of all other dots. The Gaussian pulses accomplishes the goal of exciting the first dot but also leads to significant excitation of the second dot. While there is some intermediate off-resonant excitation of the second dot in the latter case, the shaped pulse strongly suppresses this unwanted excitation and ensures that the second dot returns to its ground state at the target time. whereÎ ℓ is the identity matrix in dimension ℓ, as well as the trace-zero generators
where the blocks on the diagonal are given bỹ
LetL = L({H m }) be the Lie algebra generated by the trace-zero skew-Hermitian matrices iH m , and L D = L({D m }) be the Lie algebra generated by the M +1 diagonal (skew-Hermitian) matrices iD m . Since the diagonal elementsD m commute with the trace-zero matricesH m , i.e., [D m ,H n ] = 0 for all m, n = 1, 2, . . . , M , we clearly have
i.e., the Lie algebra L is the direct sum of the Lie algebrasL and L D . Due to the structure of the generators, the Lie algebraL must be a subalgebra of ⊕ L ℓ=1 su(N ℓ ). By considering the orbits of generic mixed states, we can easily see that a necessary and sufficient condition for these orbits to be maximal is thatL ≡ ⊕ where r = rank(A) ≤ min(M + 1, L), we obtain the Lie algebra dimension condition of Theorem 2 as a necessary and sufficient condition for simultaneous (mixed-state) controllability.
Appendix B. Controllability analysis for two uncoupled two-level systems
To make the difference between individual and simultaneous controllability explicit, consider two non-interacting two-level systems simultaneously driven by a coherent control field f (t). We can write the Hamiltonian of the composite system aŝ H =Ĥ 0 + f (t)Ĥ 1 , wherê
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H 0 can further be split into a trace-zero partĤ 
